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A . A c t i v e  F i . l r . e r  S y n t h e s i s .
A c t i v e  f i l t e r  s y n t h e s i s  i s  t h e  d e v e l o p m e n t  o l  a n  RC a c t i v e  
n e t w o r k  w h i c h  r e a l i z e s  a  p r e s c r i b e d  r a t i o n a l  t r a n s f e r  f u n c t i o n
m
The c o n v e n t i o n a l  m e t h o d  o f  s y n t h e s i s ,  u n t i l  q u i t e  r e c e n t l y ,  
h a s  b e e n  a s  f o l l o w s .  S e e  f o r  e x a m p l e  t h e  w o r k  by low [ 1 ] .
( a )  The o v e r a l l  t r a n s f e r  f u n c t i o n  ' l ( s )  i s  f a c t o r e d  i n t o  
b i q u a d r a t i c  f u n c t i o n s  o f  t h e  f o r m
2
a . s + b . s + c .
H . ( » )  -  -------- ! ----------- i  . U ' 2 )
d . s + e . s + f  .1 1 1
s o  t h a t ,  w i t h  t h e  o r d e r  o f  H ( s )  b e i n g  2 n ,  we h a v e
H ( s )  = t?  H . ( s )  ( 1 . 3 )
i = 1 1
I n  t h e  c a s e  o f  o d d - o r d e r e d  t r a n s f e r  f u n c t i o n s ,  a  b i l i n e a r  
f a c t o r  i s  a l s o  r e q u i r e d .
( b )  S u b n e t w o r k s ,  o r  r e s o n a t o r s ,  a r e  d e v e l o p e d ,  u s i n g
1
2
r e s i s t o r s ,  c a p a c i t o r s ,  a n d  o p e r a t i o n a l  a m p l i i i e r s  ( o p  a m p s ) ,  
t o  r e a l i z e  e a c h  f u n c t i o n  H ^ ( s ) .
( c )  Th e r e s o n a t o r s  a r e  c o n n e c t e d  i n  c a s c a d e  t o  r e a l i z e  t h e  
o v e r a l l  t r a n s f e r  f u n c t i o n  H ( s )  i n  a c c o r d a n c e  w i t h  ( 1 . 3 ) .  P r o ­
p e r  i s o l a t i o n  o f  t h e  s u b n e t w o r k s  t o  p e r m i t  c a s c a d i n g  i s  p r o ­
v i d e d  by t h e  op  a m p s .
An o b v i o u s  a d v a n t a g e  o f  t h e  c a s c a d e  a p p r o a c h  i s  i t s  s i m p l i ­
c i t y  o f  s y n t h e s i z i n g  a c o m p l i c a t e d  f u n c t i o n  H ( s )  by s y n t h e s i z i n g  
a  n u m b e r  o f  r e l a t i v e l y  s i m p l e  f u n c t i o n s  I L ( s ) ,  i  = 1 ,  2 ,  3 ,  . . . ,  
n .  A d i s a d v a n t a g e  o f  t h e  m e t h o d  i s  t h a t  a l l  t h e  r e s o n a t o r s  a r e  
d i f f e r e n t  a n d  h e n c e  t h e  m a n u f a c t u r i n g  p r o c e s s  i s  c o m p l i c a t e d .
A m o re  s e r i o u s  d i s a d v a n t a g e  o f  t h e  c a s c a d e d  s t r u c t u r e ,  a n d  
o n e  w h i c h  h a s  l e d  many w r i t e r s  i n  r e c e n t  y e a r s  t o  s e e k  a l t e r ­
n a t e  m e t h o d s  o f  s y n t h e s i s ,  i s  i t s  s e n s i t i v i t y  p r o p e r t i e s .  F o r  
e x a m p l e ,  t h e  s e n s i t i v i t y  o f  H ( s )  w i t h  r e s p e c t  t o  a  r e s o n a t o r  
f u n c t i o n  H ( s ) i s  g i v e n  [ 2 ] b y
w h i c h  by ( 1 . 3 )  i s
SH 1, i l , 2 , . . . , n .
i
( 1 . 5 )
3
T h a t  i s ,  a  r e l a t i v e  c h a n g e  i n  1L y i e l d s  e x a c t l y  t h e  sam e r e l a ­
t i v e  c h a n g e  i n  H. T h i s  d i s a d v a n t a g e  o f  t h e  c a s c a d e d  m e t h o d  
c a n  be  o v e r c o m e  by t h e  u s e  o f  o t h e r  s t r u c t u r e s ,  f o r  e x a m p l e ,  
m u l t i p l e  f e e d b a c k  c o n f i g u r a t i o n s  s u c h  a s  t h o s e  c o n s i d e r e d  by 
L a k e r  a n d  G h a u s i  i 3 j a n d  by S z e n t i r m a i  |_ ♦ j .
Our  o b j e c t i v e  i n  t h i s  d i s s e r t a t i o n  i s  t o  d e v e l o p  two  m e t h o d s  
o f  s y n t h e s i z i n g  m u l t i p l e  f e e d b a c k  a c t i v e  f i l t e r s .  Th e f i r s t  
m e t h o d ,  c o n s i d e r e d  i n  C h a p t e r s  2 a n d  3 ,  s y n t h e s i z e s  b a n d p a s s  
and b a n d - r e j e c t  f i l t e r s  by e m p l o y i n g  a  s t r u c t u r e  made up o f  a 
n u m b e r  o f  i d e n t i c a l  s e c o n d - o r d e r  r e s o n a t o r s  a n d  a  f e e d b a c k  
n e t w o r k ,  a l o n g  t h e  l i n e s  s u g g e s t e d  by H u r t i g  L 5 ] .  The 
r e s o n a t o r s  a r e  c o n n e c t e d  a s  i n  c a s c a d e  e x c e p t  t h a t  t h e i r  i n d i ­
v i d u a l  o u t p u t s  a r e  f e d  b a c k  a n d ,  w i t h  t h e  f i l t e r  i n p u t ,  summed 
t o  fo r m  t h e  i n p u t  o f  t h e  f i r s t  r e s o n a t o r .
The  s e c o n d  m e t h o d  o f  s y n t h e s i s ,  w h i c h  i s  c o n s i d e r e d  i n  
C h a p t e r s  IV a n d  V, u s e s  a  v a r i a t i o n  o f  t h e  c a s c a d e d  c o n ­
n e c t i o n  o f  S a l l e n  a n d  Key r e s o n a t o r s  L b 1. T h e  f e e d b a c k
e l e m e n t s  a r e  c o n n e c t e d  t o  t h e  o u t p u t  o f  t h e  f i l t e r  i n s t e a d  oi
t o  t h e  o u t p u t  o f  e a c h  r e s o n a t o r .  T h i s  g i v e s  a mu 1 t i p  1e - f e e d  - 
b a c k  f i l t e r  o f  t h e  same t y p e  a s  t h e  c a s c a d e d  s t r u c t u r e  ( t h a t  i s  
l o w - p a s s ,  h i g h - p a s s ,  e t c . )  a n d  r e t a i n s  t h e  b a r e  minimum
n u m b e r  o f  e l e m e n t s  o f  t h e  S a l l e n  a n d  Key c o n f i g u r a t i o n .  T h i s
m e t h o d  i s  a p p l i e d  t o  t h e  s y n t h e s i s  o f  l o w - p a s s  a n d  h i g h - p a s s  
i i I t e r s .
B . F i l t e r  T y p e s  a n d  T r a n s f o r m a t i o n s .
A n o r m a l i z e d  l o w - p a s s  f i l t e r  ( p a s s b a n d  0 ^  m -c 1)  w i t h  t r a n s f e r  
f u n c  t i o n
Vo u t  m _________________ K_____________________  ( 1 . 6 )
i n  S + 5 , 5  + . . .  +  b , S + b1 n - 1 n
may b e  u s e d  a s  a  p r o t o t y p e  f o r  o b t a i n i n g  o t h e r  f i l t e r  t y p e s ,  
s u c h  a s  d e n o r m a l i z e d  l o w - p a s s ,  h i g h - p a s s ,  b a n d p a s s ,  a n d  b a n d -  
r e j e c t  f i l t e r s .  The f i l t e r  d e s c r i b e d  by ( 1 . 6 )  i s  o f  t h e  
a l l - p o l e  t y p e  a n d ,  d e p e n d i n g  on t h e  c o e f f i c i e n t s  b ^ , may b e  
a  B u t t e r w o r t h  f i l t e r ,  C h e b y s h e v  f i l t e r ,  e t c .
E q u a t i o n  ( 1 , 6 )  c a n  b e  t r a n s f o r m e d  t o  a  d e n o r m a l i z e d  l o w - p a s s  
f i l t e r  t r a n s f e r  f u n c t i o n ,  w i t h  c u t - o f f  f r e q u e n c y  uu , by t h e  
t r a n s f o r m a t i o n
S = s/uo ( 1 . 7 )
c
w h i c h  i s  e f f e c t e d  by d i v i d i n g  t h e  c a p a c i t a n c e s  o f  t h e  n o r m a l i z e d  
l o w - p a s s  f i l t e r  by  <u [_ 7 ] . Th e l o w - p a s s  t o  h i g h - p a s s  t r a n s ­
f o r m a t i o n  i s  g i v e n  by
S = u ) / s  ( 1 . 8 )
c
w h i c h  i s  e f f e c t e d  by r e p l a c i n g ,  i n  t h e  l o w - p a s s  p r o t o t y p e ,  t h e
5
c o n d u c t a n c e s  by c a p a c i t a n c e s  a n d  t h e  c a p a c i t a n c e s  by c o n d u c t a n c e s  
o f  e q u a l  v a l u e ,  a n d  s u b s e q u e n t l y  d i v i d i n g  t h e  c a p a c i t a n c e s  by
[ 2 ] .  T r a n s f e r  f u n c t i o n s  o f  b a n d p a s s  a n d  b a n d - r e j e c t  f i l t e r s  
a r e  o b t a i n e d  by u s i n g  ( 1 . 6 )  a n d  m a k i n g  t h e  s u b s t i t u t i o n s
2 2 s  +  U)
________O ( J . 9 )
Bs
a n d
S = — 2s____
2 2
s  + (D ( 1 . 1 0 )o
r e s p e c t i v e l y  [  7 ] .  I n  b o t h  c a s e s  uj^ i s  t h e  c e n t e r  f r e q u e n c y  
a n d  B i s  t h e  b a n d w i d t h  o f  t h e  b a n d  p a s s e d  i n  t h e  c a s e  o f  b a n d ­
p a s s  f i l t e r s  a n d  o f  t h e  b a n d  e l i m i n a t e d  i n  t h e  c a s e  o f  b a n d -  
r e j e c t  f i l t e r s .  I n s t e a d  o f  B a n d  uĵ ,  o n e  may s p e c i f y  Q a n d
a) , whe r e  o
U»
0  = _ £  ( 1 . 1 1 ) 
V B
i s  t h e  q u a l i t y  f a c t o r  o f  t h e  f i l t e r .  E v i d e n t l y  a  h i g h  Q i m p l i e s  
a  r e l a t i v e l y  n a r r o w  b a n d  w h i c h  i s  p a s s e d  ( o r  e l i m i n a t e d ) .  A 
n o r m a l i z e d  b a n d p a s s  f u n c t i o n  (u)^ = 1 )  w i t h  a  s p e c i f i e d  Q i s  
o b t a i n e d  f r o m  ( 1 . 6 )  by t h e  t r a n s f o r m a t i o n
s  = 2 _ L s — j _ ! l  ( 1 . 1 2 )
s
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a n d  a  n o r m a l i z e d  b a n d - r e j e c t  f u n c t i o n  e n s u r e s  i f
Q ( s 2 + 1)
( 1 . 1 3 )
C . R e s o n a t o r s .
Th e r e s o n a t o r s ,  o r  s u b n e t w o r k s ,  w h i c h  we c o n s i d e r  a r e  t h o s e  
w i t h  n o r m a l i z e d  t r a n s f e r  f u n c t i o n s  w i t h  q u a d r a t i c  d e n o m i n a t o r s ,  
h a v i n g  t h e  f o r m  i n  t h e  l o w - p a s s  c a s e ,
H ( s )  =     ( 1 . 1 4 )
s +  a s  + b
i n  t h e  h i g h - p a s s  c a s e ,
K s 2
H( s )  =   ( 1 . 1 5 )
s  +  a s  + b
i n  t h e  b a n d p a s s  c a s e ,
H ( s )  = _ _ £ 2 ----------  , a  -  1/Q ( 1 . 1 6 )
s  +  a s  + l
a n d  i n  t h e  b a n d - r e j e c t  c a s e ,
H<s > = -t 3— -  , a  = 1 /Q ( 1 . 1 7 )
s +  a s  +  l
I n  e v e r y  c a s e  H ( s )  = ^ o u t / V ,
i n
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The Lev-pass S a l l e n  and Key r e s o n a to r  [ 6 ] which we s h a l l  
modify to  o b ta in  m u l t i p l e  feedback low -pass  f i l t e r s  i s  shown in  
F i g .  1 . 1 .  I t  may be used to  r e a l i z e  ( 1 . 1 4 )  i f  we have
K = Rj R2CC1
a = — — (1-p)  + -J— + —J— 
R2C 1 R 1C R2C
( 1 . 1 8 )
b =
r 1r 2c c 1
where
n = 1 + r 4 / r 3 ( 1 . 1 9 )
V„
F i g .  1 . 1 .  A low -pass  S a l l e n  and Key r e s o n a t o r .
In terch ang in g  the r e s i s t a n c e s  and c a p a c i t a n c e s  in  an a p p r o p r ia te  
manner r e s u l t s  in a S a l l e n  and Key h ig h - p a s s  r e s o n a to r .
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Th e c o m b i n a t i o n  o f  t h e  op  amp a n d  r e s i s t o r s  a n d  o f  
F i g .  1 . 1  c o n s t i t u t e s  a  v o l t a g e - c o n t r o l l e d  v o l t a g e  s o u r c e  (VCVS)-
The VCVS may b e  s y m b o l i z e d  a s  shown  i n  F i g .  1 . 2 ,  w h e r e
1 = 0 ,  V2 = p.VL ( 1 . 2 0 )
V, _  I 
10  » _ 0 V2
F i g .  1 . 2 .  A v o l t a g e - c o n t r o l l e d  v o l t a g e  s o u r c e .
A n o t h e r  r e s o n a t o r ,  w h i c h  i s  e x c e l l e n t  f o r  r e a l i z i n g  
b a n d p a s s  f i l t e r s  w i t h  h i g h  Q r e q u i r e m e n t s ,  i s  o b t a i n e d  by c o n ­
s i d e r i n g  t h e  b a n d p a s s  f u n c t i o n
Z o u t .  K lS  d * 2 1 )
V 2
i n  s +  Of s +  1
w h e r e  t h e  c e n t e r  f r e q u e n c y  i s  <u = 1 ,  a n d  Q = 1 / a .  R e w r i t i n g  
( 1 . 2 1 )  we h a v e
v . [ s + a + - ] » K 1 v.o u t  s 1 i n
D e f i n i n g  V^ a n d  by
V, I V
1 = -  -  o u t  ( 1 . 2 2 )s
v „ _ l  v .
O U t -  - ---- ;----  2
8 + Of
we have
V = -K V - V 2 *1 in  1 ( 1 . 2 3 )
A s i g n a l  f low graph o f  ( 1 . 2 2 )  and ( 1 . 2 3 )  i s  shown in  
F i g .  1 . 3 ,  from which we o b t a in  the r e s o n a to r  o f  F ig .  1 . 4 ,  
which r e a l i z e s  ( 1 . 2 1 ) .  Note th a t  the u n i t s  in a l l  f i g u r e s  are  
ohms and fa r a d s .
v.in ' ou t





Fig .  1 . 4 .  A bandpass r e s o n a t o r .
CHAPTER I I
BANDPASS FILTERS USING IDENTICAL RESONATORS
A. The M u l t i p l e  Feedback S t r u c t u r e  #
To o b ta in  the  m u l t i p l e  feedback c i r c u i t  which we s h a l l  use to  
s y n t h e s i z e  bandpass and b a n d - r e j e c t  f i l t e r s ,  we c o n s id e r  the  
s i g n a l  f low  graph o f  F ig .  2 . 1 .  Apply ing  Mason’s r u l e  y i e l d s
out
' in
- a  H H . . .H
o 1 2 n
1 + a H + a H H + a H H H + . . + a H H . . .H
i l  2 1 2  3 1 2  3 n l 2  n
( 2 . 1 )
 Vn___
Figure  2 . 1 .  The s i g n a l  f lo w  graph o f  the  f i l t e r .
A c i r c u i t  which r e a l i z e s  ( 2 . 1 )  may bf ***en from F i g .  2 . 1  to  
be a cascade  o f  r e s o n a t o r s  N^, i  = 1 , 2 , . . . ,  n,  h av in g  t r a n s f e r  
fu n c t i o n s  Hi  = v/i + 1 / vi * Each o f  the o u tPut v o l t a g e s  Vi+1 i s  fed  
back and a w eighted  sum formed, which i s  eq u a l  t o  s i g n a l  ,
g iv e n  by
v -  - ( a  V + a V + a V + . . . + a i V + a V  )
1 o i n 1 2 2 3 n- 1  n n out






Figure  2 . 2 .  The m u l t i p l e  feedback f i l t e r
The summing p r o c e s s  can be accom pli shed  by a summing a m p l i f i e r ,  
as shown in  F ig .  2 . 2 ,  from which i t  may be s e e n  th a t
V9
v i + 1
n out  
R )o 1 2  n - 1 n
T h e r e fo r e ,  comparing t h i s  r e s u l t  w i t h  ( 2 . 2 )  we s ee  th a t  i f
Rf—  , i  -  0 ,  1 ,  2 ................n
Ri
( 2 . 3 )
then  the c i r c u i t  shown i n  F i g .  2 .2  r e a l i z e s  ( 2 . 1 ) .
The f i l t e r  o f  F i g .  2 . 2  i s  the same type  as  i t s  r e s o n a t o r s .  
That i s ,  i f  a l l  the  r e s o n a t o r s  are  bandpass s e c t i o n s ,  then the  
s t r u c t u r e  i s  a bandpass s t r u c t u r e .  S im i l a r  s t a t e m e n t s  h o ld  fo r  
l o w -p a s s ,  h i g h - p a s s ,  and b a n d - r e j e c t  f i l t e r s .  As we s h a l l  s e e ,  in  
the  case  o f  bandpass and b a n d - r e j e c t  s e c t i o n s ,  i t  i s  p o s s i b l e  to 
have i d e n t i c a l  r e s o n a t o r s .
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B. Bandpass F i l t e r s  .
The network o f  F ig .  2 . 2  becomes a bandpass f i l t e r  when the  
r e s o n a t o r s  are  bandpass r e s o n a t o r s .  I t  I s  a l s o  p o s s i b l e ,  In t h i s  
c a s e ,  to  have I d e n t i c a l  r e s o n a t o r s ,  which I s  h i g h l y  d e s i r a b l e  
from a manufacturing s ta n d p o in t .  To s e e  t h i s ,  c o n s id e r  th e  case  
where each I s  th e  bandpass fu n c t io n
K s
H -  — — ±--------------  ( 2 .  A)
s  + as  + 1
o f  a normalized  bandpass r e s o n a to r  w i th  c e n t e r  frequency  ■ 1 
and q u a l i t y  f a c t o r  = 1 /  A r e s o n a to r  which r e a l i z e s  ( 2 . 4 )  
was g ive n  p r e v i o u s l y  in  F ig .  1 . 4 .
Cons ider n ex t  th e  t r a n s f e r  f u n c t i o n  o f  th e  normalized  
low -pass  f i l t e r  g ive n  p r e v i o u s l y  by ( 1 . 6 ) .  Apply ing  the  
low -p ass  to  bandpass t ra n s fo rm a t io n
s „ 91*—itJ l  (2.5)
y i e l d s
where
t  2  ^  . 1 / 2 , lXn - l  , 2 2 . 2 .  , * n - 2D = (s + 1) + —  s ( s  + 1 )  + —=■ s (s + 1 )
1 ^
b 1 i o bn - 1  n - i  . i. , .  , n  n  . „
+  — T s  ( s  +  1 )  +  - r  s  ( 2 . 7 )
Q Q
•  •
Equation ( 2 . 6 )  r e p r e s e n t s  a 2n-th  order  bandpass f i l t e r  w ith  
c e n t e r  frequency  1 r a d / s e c  and a s p e c i f i e d  Q. A network r e a l i z i n g
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( 2 . 6 )  may b e  t r a n s f o r m e d  t o  o n e  w i t h  a n y  c e n t e r  f r e q u e n c y  m 2 t t f ^
by p r o p e r  I m p e d a n c e  a n d  f r e q u e n c y  s c a l i n g .
S u b s t i t u t i n g  ( 2 . 4 )  i n t o  ( 2 . 1 )  y i e l d s
V - a  K" Sn
o u t  _ o  1______
i n  2
( 2 .8 )
w h e r e
D2 “  ( a 2 +  0‘s  +  l ) n  +  a ^ K ^ s ( s 2 +  a s  +  1 ) °  ^
+  a„K2 s 2 ( s 2 +  a s  +  I ) " " 2 +  . . .  +  a  . k"_ 1 d"” 1
2 1 n - i  1
( s 2 +  a s  +  1)  +  a  K"sn  ( 2 . 9 )
n 1
M a t c h i n g  c o e f f i c i e n t s  o f  l i k e  p o w e r s  i n  ( 2 . 5 )  a n d  ( 2 . 8 )
l e a d s  t o  n  +  1 e q u a t i o n s  i n  t h e  n  +  3 u n k n o w n s ,  a , . ,  a . ,  . . . »  a  ,
U 1 n
a ,  a n d  K^. T h e r e f o r e , t w o  u n k n o w n s  may b e  a s s i g n e d  a r b i t r a r i l y
a n d  t h e  o t h e r s  o b t a i n e d  f o r  a g i v e n  s e t  o f  t h e  p a r a m e t e r s  b ^ ,  b ^ ,
. . . ,  b , w h i c h  c h a r a c t e r i z e  t h e  t y p e  o f  f i l t e r  ( B u t t e r w o r t h ,
n
C h e b y s h e v ,  e t c . ) ,  K, a n d  Q. T h i s  w i l l  b e  c o n s i d e r e d  i n  t h e  
f o l l o w i n g  s e c t i o n .
We s h a l l  s e e  t h a t  t h e  f e e d b a c k  r e s i s t o r s  i n  t h e  r e a l i z e d  n e t ­
w o r k  d e p e n d  o n l y  on  t h e  t y p e  o f  f i l t e r  d e s i r e d ,  t h a t  i s ,  o n  t h e  
b o f  ( 1 . 6 ) .
C. D e t e r m i n a t i o n  o f  t h e  F e e d b a c k  C i r c u i t  .
T h e  f e e d b a c k  c i r c u i t  o f  f i g .  2 . 2 . ,  f o r  a  g i v e n  s e t  o f
r e s o n a t o r s ,  i s  d e t e r m i n e d  by  c a l c u l a t i n g  t h e  v a l u e s  o f  t h e
r e s i s t o r s  R , R , R   R r e q u i r e d  t o  m a t c h  t h e  c o e f f i c i e n t s
o f  1 n
o f  ( 2 . 6 )  an d ( 2 . 8 ) .  The  w o r k  I s  f a c i l i t a t e d  s o m e w h a t  b y  a p p l y ­
i n g  t h e  b i n o m i a l  t h e o r e m  t o  L) i n  ( 2 . 9 ) ,  r e s u l t i n g  i n
n „ . .^ / n\ / 2 ,. n-1 , .1
2 “  ^  i   ̂ +
i = 0
n - 1  i j i .^ / n"1\  / 2 n - 1 - 1 i
a . K ^ s  E ( • ) ( s  +  1) (rvs) +
i= 0
2 2 n ‘ 2  , n - 2 .  .  2 , . n - 2 - i  ,  .  i
a ~ K , s  E ( , ) ( s  + 1 )  ( o s )  + . . .  +
i - 0
„ n - l  n - 1  2 „ n - l  n - 1  , . n n
a .K ,  s ( s  + 1) + a  , K, s  ( a s )  +  a  K . sn - 1  1 n - 1  1 n 1
E q u a t i n g  c o e f f i c i e n t s  o f  s k ( s 2 +  l ) n~ k , k = 0 , l , 2 , . . . , n ,  i n  D2 
and  g i v e n  b y  ( 2 . 7 ) ,  we  h a v e  
k = 0 :  1 = 1
k -  1: ( “ l a  + a jK j  ( " - 1 ) -  ^
k  -  2 :  ( " ) o 2 + ( " 1 1 ) o  +  a j K 2 ( " g 2 )  * ( 2 . 1 0 )
i -  n , v n - 1  > n - 2  , , n - lk -  n :  (i +  a . K  a  + <* +  . . +  a . K ,  a
1 1  2 1 n - 1  1
b
+  a  K" =
n 1 Qn
w i t h  t h e  g e n e r a l  c a s e  b e i n ^
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I n  a d d i t i o n ,  we m u s t  m a t c h  t h e  n u m e r a t o r s  o f  ( 2 . 6 )  
a n d  ( 2 . 8 ) ,  r e s u l t i n g  i n
^  = ’ V i  ( 2 ' 12)
One a p p r o a c h  i n  s o l v i n g  ( 2 . 1 1 )  an d ( 2 . 1 2 )  i s  t o  make t h e  
a s s i g n m e n t s
Kj -  i  -  §  ( 2 . 1 3 )
w h e r e  8 i s  t o  b e  a s s i g n e d ,  i f  p o s s i b l e ,  t o  make t h e  n o n n e g a t i v e .
We n o t e  f r o m  ( 2 . 1 2 )  t h a t  t h i s  c h o i c e  o f  y i e l d s
aQ = - K  ( 2 . 1 4 )
an d h e n c e  we m u s t  h a v e  K<0.  T h a t  i s ,  t h e  f i l t e r  m u s t  h a v e  an
i n v e r t i n g  g a i n .
S u b s t i t u t i n g  ( 2 . 1 3 )  i n t o  ( 2 . 1 1 ) ,  s i m p l i f y i n g ,  a n d  s o l v i n g  
f o r  a^ i n  t e r m s  o f  a ^ ,  a ^ , . . . ,  a^  r e s u l t s  i n
a^ = b^ -  n 8
, k - 1  _  . .
\  = V  ( k )B  " z C i } a i e  ~ 1;  k = 2 ’ 3> • • • ■  n ( 2 *1 5 )
i “ l
T h u s ,  f o r  a  c h o s e n  v a l u e  o f  6 ,  we may o b t a i n  s u c c e s s i v e l y  a ^ ,  
a ^ .  . . . »  a n « A l s o  w e  may s o l v e  ( 2 . 1 5 )  e x p l i c i t l y  f o r  t h e  a^  i n  
t e r m s  o f  6 ,  n ,  k ,  a n d  t h e  b ^ .  The  p a t t e r n  t h a t  e m e r g e s  a s  e a c h  
s u c c e s s i v e  a^ i s  o b t a i n e d  i s  g i v e n  by
^  •= ( - l ) k Z ( - 1 ) 1 ( " ” J ) 8  k _ i  b .  , k = 1 , 2 ,  . . . ,  n ( 2 . 1 6 )
i - !>
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w h e r e  w e  n o t e  t h a t  b ■ 1 .  T h a t  ( 2 . 1 6 )  i s  t h e  s o l u t i o n  o f
o
( 2 . 1 5 )  may b e  r e a d i l y  sh o w n  b y  s u b s t i t u t i o n  an d v e r i f y i n g  t h a t  
t h e  c o e f f i c i e n t s  o f  t h e  v a r i o u s  p o w e r s  o f  g v a n i s h .
Th e  r a n g e  o f  6 f o r  n o n n e g a t i v e  a^ d e p e n d s  o n  t h e  l o w - p a s s  
p r o t o t y p e  c o e f f i c i e n t s  b ^ .  I t  i s  i n t e r e s t i n g  t o  n o t e  f r o m  ( 2 . 1 6 )  
t h a t
an = Pt£"e )  ( 2 . 1 7 )
whe r e
Pj f s)  * s n  +  b ^ s 11 + . . . +  b ^  ^ a +  b R
i s  t h e  d e n o m i n a t o r  o f  t h e  t r a n s f e r  f u n c t i o n  o f  t h e  l o w - p a s s
p r o t o t y p e  f i l t e r ,  g i v e n  b y  ( 1 . 6 ) .  S i n c e  ^ ( s )  i s
s t r i c t l y  H u r w i t z ,  a l l  i t s  z e r o s  o c c u r  i n  t h e  l e f t  h a l f  o f  t h e
s - p l a n e .  A l s o  P ( 0 ) > 0 .  T h e r e f o r e ,  d e n o t i n g  t h e  r e a l  z e r o  o f  
n
Pn( s )  w h i c h  i s  n e a r e s t  t h e  o r i g i n  b y  -  o ( o > 0 ) ,  we  n o t e  t h a t  a n y
v a l u e  o f  8 on  0 < 8 < o  r e s u l t s  i n  a  > 0 .  Of c o u r s e ,  b y  t h e  f i r s t  o f
n
( 2 . 1 5 ) ,  a^ i s  n o n n e g a t i v e  i f
0  < 8 I b ^ n  ( 2 . 1 8 )
O t h e r  b o u n d s  o n  8 a r e  o b t a i n e d ,  f o r  t h e  v a r i o u s  c a s e s ,  b y  
c o n s i d e r i n g  t h e  o t h e r  e q u a t i o n s  o f  ( 2 . 1 5 ) .
Th e  g a i n  Hq o f  a  b a n d p a s s  f i l t e r  i s  d e f i n e d  t o  b e  t h e  v a l u e  
o f  t h e  t r a n s f e r  f u n c t i o n  H ( s )  a t  t h e  c e n t e r  f r e q u e n c y  w . By
O
( 2 . 6 )  an d ( 2 . 7 )  we s e e  t h a t  t h e  g a i n  i s  g i v e n  b y
V „ .  ( J l )  ir
Ho “  V— ( J l T  -  T  ( 2 . 1 9 )
i n  n
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T h e r e f o r e  s p e c i f y i n g  t h e  g a i n ,  f o r  a  g i v e n  f i l t e r  t y p e ,  d e t e r m i n e s
K. T h e  g a i n ,  a s  we  h a v e  n o t e d ,  m u s t  b e  n e g a t i v e .
As a n  e x a m p l e ,  s u p p o s e  we  w a n t  a  6 t h  o r d e r  n o r m a l i z e d
B u t t e r w o r t h  b a n d p a s s  f i l t e r  f o r  a  g i v e n  g a i n  H a n d  Q.
o
T h i s  r e q u i r e s  a  3r d o r d e r  l o w - p a s s  B u t t e r w o r t h  p r o t o t y p e ,
f o r  w h i c h  b^ = b 2 *  2  a n d  b^  = 1 .  By ( 2 . 1 9 )  we h a v e
K = H , a n d  b y  ( 2 . 1 4 )  we h a v e  a ■ _h . By ( 2 . 1 6 )  we h a v e  o  o  o
ax -  2 -  3B
a 2 -  2 - 4 6  +  3 6 2 ( 2 . 2 0 )
a 3 -  1 - 2 6  +  2 6 2 -  6 3
A l l  t h e  a^ a r e  n o n n e g a t i v e  i f  we  h a v e  0 < 6 ^ 2 / 3 .  T h e r e f o r e ,  i f  we  
c h o o s e  6 *  1 / 3 ,  w e  h a v e  »  a 2 *  1 a n d  a^ -  1 4 / 2 7 ,  a n d  b y  
( 2 . 1 3 ) ,  we  h a v e  o *  1 / 3 Q  an d = 1 / Q .  T h e s e  v a l u e s  d e t e r m i n e  t h e  
r e s o n a t o r  o f  F i g .  1 . 4 ,  a n d  w e  may t h e n  c o n s t r u c t  t h e  b a n d p a s s  
f i l t e r  o f  F i g .  2 . 2  w i t h  t h r e e  s u c h  r e s o n a t o r s ,  a n d  a  f e e d b a c k
n e t w o r k  o f  R , R - ,  R . , R - , a n d  R_.  T h e s e  l a t t e r  v a l u e s  a r e
o  r 1 2 3
d e t e r m i n e d  b y  ( 2 . 3 )  f o r  a  s e l e c t e d  v a l u e  o f  R^*
C h o o s i n g  Rf  ■ 1 ,  we  h a v e  R = - 1 / H  , R, *  R = 1 ,  a n d  R .  »  2 7 / 1 4 .
1 o o  i  2 3
We n o t e  t h a t  t h e  f o r e g o i n g  d e s i g n  r e s u l t s  i n  a  n o r m a l i z e d  
b a n d p a s s  f i l t e r  ( uĵ  = 1 ) .  I f  we  w i s h  a  f i l t e r  w i t h  a  g i v e n  
c e n t e r  f r e q u e n c y  f Q, we  s e l e c t  s t a n d a r d  v a l u e s  C o f  t h e  
c a p a c i t o r s  i n  t h e  r e s o n a t o r s ,  a n d  m u l t i p l y  t h e  n o r m a l i z e d  v a l u e s  
o f  t h e  r e s i s t a n c e s  o f  b o t h  t h e  f e e d b a c k  c i r c u i t  a n d  t h e  r e s o n a t o r s  
b y 1 / 2 rrf C. Th e  r e s u l t  i s  a  b a n d p a s s  B u t t e r w o r t h  f i l t e r  w i t h  c e n t e r
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f r e q u e n c y  f Q H z ,  a  g a i n  Ho> a n d  a  q u a l i t y  f a c t o r  Q.
We o b s e r v e  t h a t  i n  t h e  a b o v e  e x a m p l e ,  a  ■ 1 / 3 Q ,  w h i c h  
b y  ( 1 . 2 1 )  i s  e q u i v a l e n t  t o  1 / 3 Q  -  1 / Q  , o r  Q -  Qt / 3 ,  w h e r e
i s  t h e  q u a l i t y  f a c t o r  o f  t h e  r e s o n a t o r .  T h u s  Q o f  t h e  f i l t e r  
i s  l e s s  t h a n  Q o f  t h e  r e s o n a t o r ,  a s  i s  a l w a y s  t h e  c a s e  w h e n  
8 < 1 ,  s i n c e  i n  g e n e r a l  Q ■ 8Q^. T h e r e f o r e ,  f o r  a  h i g h  Q f i l t e r  
we m u s t  h a v e  r e s o n a t o r s  c a p a b l e  o f  p r o d u c i n g  v e r y  h i g h  Q. The  
r e s o n a t o r  o f  F i g .  1 . 4  w a s  c h o s e n  f o r  t h a t  r e a s o n .  .
As a  f i n a l  n o t e ,  i f  8 i s  c h o s e n  s o  t h a t  o n e  o f  t h e  a^ i s  
z e r o ,  t h e n  t h i s  e l i m i n a t e s  o n e  o f  t h e  f e e d b a c k  r e s i s t o r s .  F o r  
e x a m p l e ,  i f  6 *  b ^ / n ,  we  s e e  f r o m  ( 2 . 1 5 )  t h a t  a^  *  0  
a n d  h e n c e  i s  i n f i n i t e  ( o p e n  c i r c u i t ) . F o r  t h e  e i g h t h  o r d e r  
B u t t e r w o r t h  an d c h e b y s h e v  ( v a r i o u s  dB r i p p l e s )  b a n d p a s s  f i l t e r s ,  
we c h o s e  0 s u c h  t h a t  b e c a m e  i n f i n i t e .  The r e s u l t s  f o r  =
1 . an d  a  g a i n  o f  H a r e  s h o w n  i n  t a b l e  1 .
T y p e R
o R2 R3 R4
B u t t e r w o r t h 1 . 0 0 0 / H
o
1 . 1 7 2 2 . 6 1 3 4 . 9 1 1
C h e b y s h e v  ( 1 / 2  dB) 2 . 6 3 9 / H
o
0 . 8 4 8 4 . 7 2 2 4 . 9 5 1
C h e b y s h e v  ( 1  dB) 3 . 6 2 3 / H
o
0 . 8 9 8 6 . 3 1 5 5 . 8 1 9
C h e b y s h e v  ( 2  dB) 4 . 8 5 4 / H
o
0 . 9 4 0 8 . 8 3 1 6 . 6 3 9
C h e b y s h e v  ( 3  dB) 5 . 6 5 0 / H
o
0 . 9 5 9 1 1 . 1 2 1 7 . 0 6 7
T a b l e  1 .  F e e d b a c k  C i r c u i t  V a l u e s
19
D. S e n s i t i v i t y  o f  t h e  M u l t i p l e  F e e d b a c k  F i l t e r .
As o b s e r v e d  i n  S e c t i o n  A o f  t h e  f i r s t  c h a p t e r ,  t h e
s e n s i t i v i t y  o f  t h e  t r a n s f e r  f u n c t i o n  H ( s )  o f  a  c a s c a d e d  s t r u c t u r e  
w i t h  r e s p e c t  t o  a  r e s o n a t o r  f u n c t i o n  H ^ ( s )  i s  g i v e n  b y
sli "  ! r  H  " 1 ( 2 *21)Ht  H i
T h i s  m e a n s ,  a s  i n d i c a t e d  p r e v i o u s l y ,  t h a t  a  r e l a t i v e  c h a n g e  i n  
y i e l d s  e x a c t l y  t h e  s a m e  r e l a t i v e  c h a n g e  i n  H.
JJ
Th e s e n s i t i v i t y  S o f  t h e  m u l t i p l e  f e e d b a c k  f i l t e r  may
Hi
b e  o b t a i n e d  f r o m  ( 2 . 1 )  . To f a c i l i t a t e  t h e  w o r k  we w r i t e  ( 2 . 1 )  i n  
t h e  f o r m
w h e r e
N -  - a  w, H ( 2 . 2 2 )
o  i - 1  i
an d
n i
D -  1 +  I  a .  H ( 2 . 2 3 )
i - 1  j « l  3
We a l s o  d e f i n e  t h e  q u a n t i t y
Dk  -  1 +  a l Hl  +  a 2Hi H2 +  • • • +  V i H1 H2 • • • V i
■ 1 + 1  a  TT H ; k  -  1 , 2 , .  . .  , n + l  ( 2 . 2 4 )
i - 1  J - l  3
f r o m  w h i c h  we n o t e  t h a t  D *  D . , .
n + 1
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A p p l y i n g  ( I . A ) t o  H wo h a v e
H DN -  N ( a . l L H  . . .H +  . . .  +  a H H . . . H  ) „ 
L ________  i  1 2 1______________n 1 2 n  j
1 1.l H H.D2
o r
s S ,  ■ T  ( 2 - 2 5 )
T h u s  f o r  i -  n ,  we h a v e  s | |  = 1 ,  a s  i n  t h e  c a s e  o f  t h e  c a s c a d e d
i
s t r u c t u r e .  H o w e v e r ,  f o r  0 i  n ,  E q .  ( 2 . 2 5 )  I s  c o m p l e x  f o r
g e n e r a ]  v a l u e s  o f  s ,  an d  m e a n i n g f u l  c o m p a r i s o n s  c a n n o t  be  made
u n l e s s  we r e s t r i c t  s t o  r e a l  v a l u e s  o r  e l s e  m o d i f y  t h e  d e f i n i t i o n
o f  s e n s i t i v i t y .  T h i s  may he  d o n e  b y  c o n s i d e r i n g  a b s o l u t e  v a l u e s  
[ {
o f  o r  by c o m p a r i n g  some r e a l  q u a n t i t y  a s s o c i a t e d  w i t h  S
i i
w i t h  i t s  c o u n t e r p a r t  i n  t h e  c a s c a d e d  s t r u c t u r e ,  a s  i s  d o n e  i n
j A J .  I t  i s  n o t  o u r  p u r p o s e  h e r e  t o  c o n s i d e r  s e n s i t i v i t y  in
d e p t h ,  b u t  i t  s h o u l d  be c l e a r  f r o m  ( 2 . 2 5 )  t h a t  f o r  i ^  n ,  h a s
f e w e r  t e r m s  t h a n  I), and i t  i s  p l a u s i b l e  t h a t  by  some s u i t a b l e
d e f i n i t i o n  o f  s e n s i t i v i t y ,  t h e  m u l t i p l e  f e e d b a c k  f i l t e r  s h o u l d
c o m p a r e  f a v o r a b l y  w i t h  t h e  c a s c a d e d  f i l t e r .
CHAPTER I I I
BAND-REJECT FILTERS USING IDENTICAL RESONATORS
A . The R e s o n a t o r .
I t  was  n o t e d  i n  S e c t i o n  A o f  C h a p t e r  I I  t h a t  t h e  m u l t i p l e  
f e e d b a c k  f i l t e r  o f  F i g .  2 . 2  may be  d e s i g n e d  w i t h  i d e n t i c a l  r e s o n a ­
t o r s  i n  t h e  c a s e  o f  b a n d p a s s  a n d  b a n d - r e j e c t  f i l t e r s .  T h i s  was 
shown i n  t h e  b a n d p a s s  c a s e  i n  t h e  p r e v i o u s  c h a p t e r ,  a n d  we s h a l l  
show i t  a l s o  t o  b e  t h e  c a s e  f o r  b a n d - r e j e c t  f i l t e r s  i n  t h i s  
c h a p t e r .  F i r s t ,  h o w e v e r ,  we c o n s i d e r  a  b a n d - r e j e c t  r e s o n a t o r  
w h i c h  may be  u s e d .
The r e s o n a t o r  we n e e d  i s  a  s e c o n d - o r d e r  b a n d - r e j e c t  f i l t e r  
w h o s e  t r a n s f e r  f u n c t i o n  i s  g i v e n  g e n e r a l l y ,  by  0 . 6 )  and 
( 1 . 1 0 ) .  F o r  n  -  2 ,  we h a v e
V K ( s 2 +  w2 )
o u t  o  ( 3 . 1 )
2 2 
V. s  +  B s +  oji n  o
The c e n t e r  f r e q u e n c y  o f  t h e  r e j e c t e d  b a n d  i s  uu a n d  B -  V ’
i s  t h e  w i d t h  o f  t h e  r e j e c t e d  b a n d .  The q u a n t i t y  Q ,  a s  i n  t h e
b a n d p a s s  f i l t e r ,  i s  t h e  q u a l i t y  f a c t o r  w h i c h  c h a r a c t e r i z e s  t h e




F i g .  3 . 1  A s e c o n d - o r d e r  b a n d r e j e c t  r e s o n a t o r .
One r e s o n a t o r  w h i c h  r e a l i z e s  ( 3 , 1 )  i s  d u e  t o  H u e l s m a n  
[ 8 ] ,  a n d  i s  sh o w n  i n  F i g .  3 . 1 .  A n a l y s i s  o f  t h e  c i r c u i t  y i e l d s ,  
f o r
R- R, = 2 R. R .
3 4  1 5
t h e  c e n t e r  f r e q u e n c y  a n d  b a n d w i d t h
( 3 . 2 )
2 1 / 1 1 X<u -     ( _  +  _ )
r4 c r x r 2
( 3 . 3 )
B = 2 / R 4 C 
a n d  a n  i n v e r t i n g  g a i n
H = - R , / R _  o 6 3 ( 3 . 4 )
The g a i n  i s  d e f i n e d  a s  Hq = H ( 0 ) ,  w h i c h  i s  g i v e n  b y  K i n
( 3 . 1 ) .
I n  t h e  n o r m a l i z e d  c a s e ,  (juq = 1 a n d  B = 1 / Q ,  i n  w h i c h  c a s e
( 3 . 1 )  becomes
w h e r e  a  m 1 /Q^ a n d  a n d  a r e  t h e  g a i n  a n d  q u a l i t y  f a c t o r  o f  
t h e  r e s o n a t o r .
B . The  F e e d b a c k  C i r c u i t .
To d e v e l o p  a  2 n - t h  o r d e r  m u l t i p l e  f e e d b a c k  b a n d - r e j e c t  f i l t e  
o f  t h e  t y p e  s h o w n  i n  F i g .  2 . 2 ,  we s h a l l  u s e  n  i d e n t i c a l  s e c o n d -  
o r d e r  r e s o n a t o r s  , h a v i n g  t r a n s f e r  f u n c t i o n s  g i v e n  b y  ( 3 . 5 ) .
Th e  o v e r a l l  f i l t e r  f u n c t i o n ,  b y  E q .  ( 2 . 1 ) ,  t h e n  w i l l  b e
V
o u t
„ n  , 2 . .  n- a  K, ( s  + 1 )  o 1




w h e r e
= ( S 2 +  a s  +  l ) n  +  a j K ^ ( s 2 +  1 ) ( S 2 +  a s  +  l ) n  * +
v 2 . 2 . 2 .  2 ^ , , n - 2
a 2K ^ ( s  +  1 )  ( s  +  a s  +  1 ) n - 1





T h i s  r e s u l t  w i l l  b e  m a t c h e d  w i t h  t h e  g e n e r a l  b a n d - r e j e c t  
t r a n s f e r  f u n c t i o n  g i v e n  i n  S e c t i o n  B o f  C h a p t e r  I  by
o u t
V, S "  +  b , S n - 1 +  b . S n "2 + .  . . +  b . S  +  b
i n  1 2  n - 1  n
S =
Q ( s  +  1 )
o r
w h e r e
V _ KQn ( s 2 +  l ) n
o u t
i n
( 3 . 8 )
D2 = s n  +  b 1Q ( s 2+ l ) s n _ 1  +  b 2Q2 ( s 2+ l ) 2 s n ‘ 2 + . . .  +
b nQn ( s 2 +  l ) n ( 3 . 9 )
E q u a t i o n  ( 3 . 8 )  r e p r e s e n t s  a  b a n d - r e j e c t  f i l t e r  w i t h  c e n t e r  f r e ­
q u e n c y  u) = 1 * o d  q u a l i t y  f a c t o r  Q. M a t c h i n g  t h e  n u m e r a t o r s  o f
( 3 . 6 )  a n d  ( 3 . 8 )  r e s u l t s  i n
- a  k “  = KQn  o 1 ( 3 . 1 0 )
a n d  e q u a t i n g  c o e f f i c i e n t s  o f  s n  ^ ( s 2 +  1 ) ^ ,  k  = 0 , 1 , . . . ,  n  i n
( 3 . 7 )  a n d  ( 3 . 9 ) y i e l d s
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a " ' 1 [ < ” ) + n ‘ 1 ) ]  = b i Q
a "  2 [ ( " )  +  a i Ki < V >  +  a 2Ki ( n o 2 ) ]  = b 2q 2
( 3 . 1 1 )
n - k r . n x , „  , n - l x , „ 2 . n - 2 x , , „ , k . n - k xn , u
a  [ ( k ) +  +  a ^ ^ ^ )  +  . . . +  a k K l ( Q ) ] - b kQ
2 ,n , n
( 'n1 + a  K . a 0Kn + . . .  f  a K ■» b Q 1 1 ^ 2 1  n l
One way t o  p r o c e e d  i s  t o  a s s i g n  t h e  v a l u e
Kl  = 3 Q ( 3 . 1 2 )
w h e r e  (3>0 i s  a n  a r b i t r a r y  c o n s t a n t ,  r e s u l t i n g  i n
a Q = - K / P n  ( 3 . 1 3 )
T h e r e f o r e ,  a s  i n  t h e  b a n d p a s s  c a s e  o f  t h e  p r e v i o u s  c h a p t e r ,  t h e  
g a i n  o f  t h e  f i l t e r  m u s t  b e  a n  i n v e r t i n g  g a i n .  A l s o  b y  ( 3 . 1 1 )  we 
h a v e
a n d
i he
a  = 1 ( 3 . 1 4 )
Ic •
( k } +  i S i a i p i Q i ( k - i ) = bkq K ;  k  = n  <3 *1 5 >
l a t t e r  r e p r e s e n t s  n  e q u a t i o n s  i n  t h e  n+1  u n k n o w n s  a ^ ,  a ^ ,
a ^ ,  3 a n d  may b e  s o l v e d  q u i t e  r e a d i l y  f o r  a ^ ,  a ^ , . . . ,  a ^  i n  t h a t  
o r . ' o r ,  i n  t e r m s  o f  3-  H o p e f u 1 l y 3 c a n  b e  a s s i g n e d  s o  t h a t  t h e  a^  
■ire n o n n e g a t i v e .
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Th e p a t t e r n  t h a t  e m e r g e s  a s  e a c h  c o n s e c u t i v e  i s  f o u n d  i n  
t e r m s  o f  j-(, Q ,  a n d  t h e  I rom ( 3 . 1 5 )  i s  g i v e n  by
a  = _ J _  £  ( - D k ' 1 ( ^ " J )  b . Q 1 ; k = 1 , 2 , . . . . n  ( 3 . 1 6 )
k  p kQk i  =0
T h i s  may b e  p r o v e d  q u i t e  r e a d i l y  b y  s u b s t i t u t i n g  a^  f r o m  ( 3 . 1 6 )  
i n t o  ( 3 . 1 5 )  a n d  o b s e r v i n g  t h e  v a n i s h i n g  o f  t h e  c o e f f i c i e n t s  o f  
Qj , j  = 1 , 2 , . . . ,  k .
We n o t e  f r o m  ( 3 . 1 6 )  t h a t  i s  g i v e n  b y
3 i  = ( b l ^  '  
a n d  h e n c e  i s  n o n n e g a t i v e  i f
Q ^ n / b x ( 3 . 1 7 )
A l o w e r  b o u n d  on  Q may be  f o u n d ,  f o r  s p e c i f i c  c a s e s  o f  n ,  by  
c o n s i d e r i n g  ( 3 . 1 7 )  a n d  t h e  o t h e r  e q u a t i o n s  o f  ( 3 . 1 6 ) ,  f o r  k  = 
2 , 3 , . . . ,  n .  I t  i s  i n t e r e s t i n g  t o  n o t e  f r o m  t h e  c a s e  k  = n ,  
t h a t
a n = <3 - 1 8 >
w h e r e  P ( s )  i s  t h e  d e n o m i n a t o r  o f  t h e  t r a n s f e r  f u n c t i o n  o f  t h e  n
l o w p a s s  p r o t o t y p e .  T h e r e f o r e  by a n  a r g u m e n t  i d e n t i c a l  t o  t h a t  
g i v e n  i n  S e c t i o n  C o f  C h a p t e r  I I  f o r  t h e  b a n d p a s s  f i l t e r ,  t h e r e  
i s  a l w a y s  a  p o s i t i v e  l o w e r  b o u n d  on Q f o r  w h i c h  a ^  2  0 .
We may a l s o  o b t a i n  b y  d i f f e r e n t i a t i n g  ( 3 . 1 6 ) ,
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d a ^  ( n - k  +  1 )  V l  . R = 2 , 3 , . . . ,  n 
dQ pkQk  +  1
d a l




( 3 . 1 9 )
2
T h e r e f o r e ,  i f  a ,  ^ 0 ,  t h e n  ——  > 0  , a n d  we s h o u l d  e x p e c t  t o
f i n d ,  f o r  some Q > 0 ,  a  n o n n e g a t i v e  a T h e  a r g u m e n t  may be r e ­
p e a t e d  f o r  a a ^ ,  e t c . ,  a n d  a s  we h a v e  s e e n ,  i s  c e r t a i n l y  v a l i d  
f o r  a  .
C . T he  B a n d - r e j e c t  f i l t e r .
By t h e  p r e v i o u s  s e c t i o n s  o f  t h i s  c h a p t e r  we h a v e  s e e n  t h a t  a 
b a n d - r e j e c t  f i l t e r  o f  o r d e r  2 n ,  o f  t h e  t y p e  s h o w n  i n  F i g .  2 . 2  
may b e  d e s i g n e d  w i t h  r e a l i z a b l e  ( n o n n e g a t i v e )  f e e d b a c k  r e s i s ­
t a n c e s .  F o r  t h e  n o r m a l i z e d  c a s e  (tu = 1 ) ,  t h e  r e s o n a t o r s  a r eo
a l l  i d e n t i c a l  a n d  h a v e  t r a n s f e r  f u n c t i o n s  g i v e n  b y  ( 3 . 5 )
.7he re  a  = 1 / Q ^ ,  a n d  a n d  a r e  t h e  g a i n  a n d  q u a l i t y  f a c t o r  
o f  e a c h  r e s o n a t o r .  By ( 3 . 1 2 ) ,  ( 3 . 1 3 ) ,  a n d  ( 3 . 1 4 ) ,  we h a v e
Kj_ = 3Q
a = - K / £ n o
a  = 1
(3.20)
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w h e r e  Q i s  t h e  d e s i r e d  q u a l i t y  f a c t o r  o f  t h e  ham! - r e  fee  t f i l t e r ,  
a n d  K i s  t h e  n u m e r a t o r  o f  t h e  l o w - p a s s  p r o t o t y p e  f u n c t i o n .  S i n c e  
t h e  g a i n  Ho o f  t h e  b a n d - r e j e c t  f i l t e r  i s  i t s  t r a n s f e r  f u n c t i o n  
a t  s  = 0 ,  we h a v e  f r o m  0 . 8 )  an d  0 . 9 ) ,
H = K / b  ( 3 . 2 1 )o n
By ( 3 . 2 0 )  we s e c  t h a t  e a c h  r e s o n a t o r  m u s t  h a v e  a  n o n i n v e r t i n g  
g a i n  o f  8Q a n d  a  q u a l i t y  f a c t o r  o f  = 1 ( a  = 1/Q = 1 ) .  The 
r e s o n a t o r  o f  F i g .  3 . 1  h a s  a n  i n v e r t i n g  g a i n  a n d  t h e r e f o r e  i f  i t  
i s  t o  be  u s e d  we m u s t  i n v e r t  i t s  o u t p u t .  A d d i n g  a n  i n v e r t e r  
t o  t h e  o u t p u t  a n d  a d j u s t i n g  t h e  e l e m e n t s  t o  o b t a i n  a  c e n t e r  
f r e q u e n c y  ui = 1 ,  a  g a i n  o f  b Q , a n d  a  q u a l i t y  f a c t o r  o f  1 ,  we 
o b t a i n  t h e  r e s u l t  shown  i n  F i g .  3 . 2 .  The t r a n s f e r  f u n c t i o n  i s  
g i v e n  by
Vo „ t  B Q ( s 2 + 1)
V. + s +  1i n
( 3 . 2 2 )
0Q
yvA.M
F i g .  3 . 2  A r e s o n a t o r  w i t h  n o n i n v e r t i n g  g a i n .
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I n  s u m m a r y ,  s u p p o s e  we w a n t  a  2 n - t h  o r d e r  b a n d - r e j e c t  f i l t e r ,  o f
a  c e r t a i n  t y p e  ( B u t t e r w o r t h  o r  C h e b y s h e v ) ,  w i t h  a  c e n t e r  f r e q u e n c y
f Q ( H z ) ,  a n  i n v e r t i n g  g a i n  o i  IIq ( n e g a t i v e ) ,  a n d  a  q u a l i t y  f a c t o r  Q.
We f i r s t  o b t a i n  a  n o r m a l i z e d  f i l t e r  ( c e n t e r  f r e q u e n c y  tu = 1 
r a d / s ) ,  n o t i n g  t h a t  t h e  t y p e  o f  f i l t e r  d e s i r e d  d e t e r m i n e s  t h e  c o ­
e f f i c i e n t s  b , b „ , . . . , b  . Th e n  i d e n t i c a l  r e s o n a t o r s  w i l l  be  o f1 2 n
t h e  t y p e  sh ow n  i n  F i g .  3 . 2 .  By ( 3 . 2 0 )  an d  ( 3 . 2 1 )  we h a v e
a  = - b H / 3n  ( 3 . 2 3 )0 n o '
a n d  t h e  r e m a i n i n g  f e e d b a c k  c o n s t a n t s  a ^ ,  k = l , 2 , 3 , . . . , n ,  a r e  d e ­
t e r m i n e d  by ( 3 . 1 6 ) .  The f e e d b a c k  n e t w o r k  r e s i s t o r s  a r e  t h e n  o b ­
t a i n e d  f r o m
Rf
R. -  ~ , i  = 0 , 1 , . . . ,  n  ( 3 . 2 4 )
1 a .
i
Th e q u a n t i t i e s  a n d  3 a r e  a r b i t r a r y  p o s i t i v e  n u m b e r s  a n d  may be  
c h o s e n  f o r  c o n v e n i e n c e .  We s h o u l d  n o t e  t h a t  t h e  g i v e n  Q m u s t  b e  
s u f f i c i e n t l y  l a r g e  f o r  a l l  t h e  a ^  t o  be  n o n n e g a t i v e .
F i n a l l y  t h e  f i l t e r  i s  o b t a i n e d  f r o m  t h e  n o r m a l i z e d  c i r c u i t  
by r e p l a c i n g  t h e  1 F c a p a c i t o r s  by c o n v e n i e n t  s t a n d a r d  v a l u e  C 
a n d  m u l t i p l y i n g  a l l  t h e  r e s i s t a n c e s  by t h e  s c a l e  f a c t o r  K =
l / 2 f f f  C.o
The a d v a n t a g e s  o f  t h e  m e t h o d  a r e  t h a t  H , Q,  a n d  f  may a l lo o
be s p e c i f i e d ,  t h e  r e s o n a t o r s  a r e  a l l  i d e n t i c a l ,  a n d  t h e  a r b i t r a r i ­
n e s s  o f  Rj. a n d  3 a l l o w s  u s  t o  h a v e  some c o n t r o l  o v e r  t h e  r a n g e  o f  
v a l u e s  o f  t h e  r e s i s t a n c e s .  T h i s  i s  i m p o r t a n t  f r o m  a  s e n s i t i v i t y  
s t a n d p o i n t .
As a n  e x a m p l e ,  s u p p o s e  we w a n t  a  6 t h  o r d e r  B u t t e r w o r t h  b a n d -
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r e j e c t  f i l t e r  w i t h  cjd̂  = 1 ,  Q = 1 0 ,  a n d  Hq = - 1 0 .  T h e n  we h a v e  
b l  = b 2 = 2 ,  a n d  t>3 = 1 .  By ( 3 . 2 3 )  we h a v e
a  = 1 0 / 3 3 o
a n d  by  ( 3 . 1 6 )  we h a v e
a t  = ( 2Q -  3 ) / 3 Q
a 2 = ( 2 Q 2 -  4Q + 3 ) / 3 2Q2
a j  - ( Q 3 - 2Q2 + 2Q - l ) / e V
E v i d e n t l y  Q n / b ^  ~ 3 / 2  r e s u l t s  i n  p o s i t i v e  a .  a n d  I o r  Q = 1 0 ,
we h a v e
a x = 1 . 7 / 3 ,  a 2 = 1 . 6 3 / 3 2 , a 3 = 0 . 8 1 9 / 3 3 ( 3 . 2 5 )
We t h e n  h a v e ,  f o r  t h e  r e s i s t a n c e s ,
R = R , 3 3 / 1 0 ,o f
R 1 = R£3 / 1 . 7  
R2 = Rf 3 2 / 1 . 6 3
r 3 = R f P 3 / 1 *63 
w h e r e  3 a n d  R^ a r e  a r b i t r a r y  p o s i t i v e  n u m b e r s .
CHAPTER IV
AN ALTERNATE METHOD OF MULTIPLE-FEEDBACK SYNTHESIS
A. Low-pass F i l t e r s  u s i n g  a  V a r i a t i o n  o f  S a l l e n  a n d  Key R e s o n a t o r s .
I n  a  b r i e f  d i s c u s s i o n  i n  C h a p t e r  I ,  t h e  u s e  o f  S a l l e n  a n d  
Key r e s o n a t o r s  i n  s y n t h e s i z i n g  f i l t e r s  w a s  d i s c u s s e d .  T h e  
r e s o n a t o r  n e t w o r k  w a s  sh o w n  i n  F i g .  1 . 1 ,  a n d  i t s  t r a n s f e r  
f u n c t i o n  w a s  d e s c r i b e d  b y  ( I . 14)  a n d  ( 1 . 1 8 ) .
I n  t h i s  c h a p t e r ,  we c o n s i d e r  t h e  s y n t h e s i s  o f  a l l - p o l e  
low-pass  f i l t e r s  u s i n g  a  v a r i a t i o n  o f  t h e  S a l l e n  a n d  Key r e s o n a t o r s  
i n  t h e  f o l l o w i n g  m a n n e r .  T h e  f i l t e r  i s  s i m p l y  a  c a s c a d e d  
c o n n e c t i o n  o f  l o w - p a s s  S a l l e n  an d  Key r e s o n a t o r s  w i t h  t h e  
e x c e p t i o n  t h a t  t h e  f e e d b a c k  e l e m e n t s  a r e  c o n n e c t e d  t o  t h e  o u t p u t  
o f  t h e  f i l t e r  r a t h e r  t h a n  t h e  o u t p u t  o f  e a c h  r e s o n a t o r .  F i g .  4 . 1  
s h o w s  a  g e n e r a l  c o n f i g u r a t i o n  o f  a  n e t w o r k  o f  t h i s  k i n d  w h i c h  
r e a l i z e s  a  l o w - p a s s  f i l t e r  o f  e v e n  o r d e r .  I n  t h e  c a s e  w h e r e  t h e  
o r d e r  o f  t h e  f i l t e r  i s  o d d ,  a  f i r s t - o r d e r  RC s e c t i o n  i s  c a s c a d e d  
a t  t h e  i n p u t  p o r t  o f  t h e  n e t w o r k .  An e x a m p l e  s h o w i n g  t h i s  l a t t e r  
c a s e  i s  t h e  n e t w o r k  o f  F i g .  4 . 2 ,  w h e r e  t h e  o r d e r  o f  t h e  t r a n s f e r  
f u n c t i o n  i s  n  = 3.
rr c
F i g .  4 . 1 .  A l o w - p a s s  I l i t e r  o f  o r d e r  2n
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Some f e a t u r e s  o f  t h i s  a p p r o a c h  t o  s y n t h e s i s  a r e  w o r t h  n o t i n g .
( a )  T h e  n e t w o r k  r e t a i n s  t h e  b a r e  minimum n u m b e r  o f  e l e m e n t s  o f  
t h e  S a l l e n  an d  Key c a s c a d e d  c o n f i g u r a t i o n .
( b )  A l l  t h e  v a l u e s  o f  t h e  c a p a c i t a n c e s  i n  t h e  c i r c u i t  c a n  b e  
p r e s e l e c t e d ,  u s i n g  s t a n d a r d  v a l u e s .  I n  t h e  w o r k  t o  f o l l o w  we 
s h a l l  h a v e  C = C ^ ;  h o w e v e r ,  i n  some c a s e s  o f  h i g h  g a i n ,  we may 
t a k e  = 2C t o  k e e p  t h e  r e s i s t a n c e s  w i t h i n  a  p r o p e r  r a n g e .
( c )  T he  s y n t h e s i s  i s  e x a c t  w i t h  r e s p e c t  t o  t h e  g a i n ,  c o n t r a r y  
t o  t h e  c a s c a d e d  c o n n e c t i o n ,  w h e r e  a  c h a n g e  i n  t h e  p r e s c r i b e d  
g a i n  i s  n e c e s s a r y  i n  many c a s e s  f o r  o b t a i n i n g  a  s t a b l e  o u t p u t .
The a n a l y s i s  s h o w s  t h a t  t h e  t r a n s f e r  f u n c t i o n  r e l a t e d  t o  
F i g .  4 . 1  i s  o f  t h e  f o r m
V. H A
- 2  = ------------------------- _2_ o -------------------------  (4  1}
1 s  - F A  . s  +  . . . +  A, s  +  A 
n - 1  1 o
w h e r e ,  w i t h  t h e  c a p a c i t o r  v a l u e s  p r e s e l e c t e d  , H i s  t h e
o
p r o d u c t  o f  t h e  g a i n s  o f  t h e  a m p l i f i e r s  a n d  A ^ , i  = 0 , 1 , . . . ,  
n - 1 ,  i s  a  f u n c t i o n  o f  c o n d u c t a n c e s  a n d  g a i n s  o f  t h e  a m p l i f i e r s  
i n  t h e  n e t w o r k .
B. L o w -p a ss  F i l t e r  T r a n s f e r  F u n c t i o n s .
The s y n t h e s i s  o f  a l l - p o l e  l o w - p a s s  f i l t e r s  ( s u c h  a s  B u t t e r w o r t h ,  
C h e b y s h e v ,  e t c . )  u s i n g  t h i s  m e t h o d  w i l l  b e  d i s c u s s e d  i n  C h a p t e r  V. 
T h e r e  we s h a l l  n e e d  t h e  t r a n s f e r  f u n c t i o n  o f  ( 4 . 1 )  w i t h  
s p e c i f i e d  o r d e r .  F o r  t h i s  r e a s o n  t h e  t r a n s f e r  f u n c t i o n s  f o r  
n -  3 t h r o u g h  n = 8 o f  F i g .  4 . 1 ,  w h e r e  t h e  v a l u e s  o f  a l l
n
c a p a c i t a n c e s  a r e  o n e  f a r a d  ( n o r m a l i z e d  c a s e ) ,  a r e  t a b u l a t e d  
w i t h  t h e  r e s p e c t i v e  n e L w o r k s ,  w h i c h  a r e  shown in  I’ i g u r e s  4 . X 
t h r o u g h  4 . / .
F IG *4 ? 3NL» O P D F R  L O W P A S S  N E T W O R K
V 2 / V 1 = H 0 * A D / ( A 3 * S * * 3 A A 2 * S * * 2 * A 1 * S + A C )
WHERE THE C OE F F I C I EN T 5- APE 
HO =U 1
A Q =G 1 * 6 2 * C 3
A 1 = ( G 2 * 2 « * G 3 - 0 1 * G 3  ) * ( G 1 + G 2 ) ♦ G 2 * G 3 - G 2 * * 2  
A2 =G I ♦ 2 *  ♦  G2 + 2 «  A G 3 - U  1 AC- 3 
A 3 =  1 •
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x :
4 f H «  ORDER L O W P A E S  NETWORK
V 2 / V 1 = H C * A 0 / < A 4 * S * * 4 * A 3 * S * * 3 + A 2 * S * * 2 * A I * S + A 0 >
WHERE T HE  C O E F F I C I E N T S  ARE
H O = U l * U 2  
A Q = G I * G 2 * G 3 * C 4
A l = G l * G 2 *  < G 3 * 2 « * G 4 - U 2 * G 4 I + G 3 * G 4 * ( G 1 * 2 » * G 2 ) 
- U 1 * U 2  * G 2 * G 3 * G 4  
A 2 = Cl  * G 2  * G 3  * G 4  + ( G 1 + 2 *  * G 2  > * ( G 3 +  2 , * G 4 - L 2 * G 4 ) 





S T P ,  i j P O E R  L O WP A S S NETWORK'
V 2 / V I  -  HO* >
WHERE THE C O E F F I C I E N T S  A1 ’ F 
HO = U 1 * 0 2
A O = G 1 * 0 2 * 0 3  * G 4 * G 5
A 1 = B * G 4 * G 5 4 A * C - G 2 * G 2 * G 4 * G 5 - G 2 * G 2 * G 3 * C  
- U 1 *U 2 * C 2 * G 4 * G 5 * (  G 1 ♦ G 2 )
A 2 = G 4 * G 5 * C 4 H * C  4 A - G 2 * G 2 * C - G 2 * G 2 * G 3 - U 1 * U 2 *  G 3 * G 4 * G S  
A 3 * G 4 * C 5  4 0 * C 4 E - G 2 * G 2  
A 4 = C  4 0  
A 5 =  I *
WI T H
A = G 1 * G 2 * G 2 4 C 2 * G 2 * G 3  
8 = G 2 * G 2 4 ( G I > G 2  ) * < G 2 + 2 w * G 3 )
C = G 4 4 2 » * G S - U 2 * G 5  
0= C l 4 2 w * G 2 4 2 «  *G3
F I G . 4  5 6 T H .  CHDE' R L O W P A S S  N E T W O R K
V 2 / V l = H 0 * A O / < A 6 * S * * 6 + A S * S * * 5 * A 4  
♦ A 3 * S A * 3 + A 2 * S * * 2  + AI. * S * A C  )
WHERE THE C C E F F I C I E N T S  ARE
H O = U 1 *U 2 *  U 3 
A 0 * G 1 * G 2 4  G 3 * G 4 * G 5 * G 6
A I = G 5 * C 6 * D * C -  1 * G 2 * G 3 * G 4  4 B - U 2 * U 3 * C  1 * G 2 * G 4 * G 5 * G 6  
- 0 1 4 U 2 * U 3 * G 2 * G 3 * G 4 * G 5 * G 6  
A2 * G 5  * G 6 4  C 4 C l * G ? * G 3 * G 4 4  Ei* D —L 2  * U 3 * G 4 * G 5 4  G b  
* ( G l - f 2 » * C 2  )
A3 = G 5 * C 6 *  A ♦ e * C * C - U 2 * G 3 * G 4  4 G 5 * G 6  
A A = GE> A G 6 +  A * B * C  
A 5 = E * A  
A6 = 1 •
W I T H
A = G 1 + 2 . * G 2 * C 3 * 2 # * G 4  
B » G 5 i 2 « * G f c - 0  3 * G 6
C = C 1  * G 2 + G 3 * G 4 +  < G1 -»2« * G 2  > M G 3 * 2 « » * G 4 »
0 = G 1 * G 2 * (  G 3 * 2 * * G 4  ) +G 3 * G 4 * ( G l * 2  + G 2  >
>8
F I 0 . 4 . h i i . VENTH (JWI)I;W L U W —P A5S NJLTWGWK
V 2 /  v I H 0 * A 0 / ( A 7 * S * * 7 * A 6 * S * * t ' * A , * J * * 5  + A 4 * S * * 4
♦ 4 T *S « * 3 + A 2 * S * * 2 *  7 I * L ♦ A (1 )
WHl_Wi- THL C l r F F I C I E N I S  AW £
H O - L I  * U2 * O 3
AO -  Cl  * 02  * O j * G 4 * G 5 * G 6 * G  7
A 1 - 0 4  * 0 5 * 0 6 * 0  7* t  + G2* G3* ( G 1*G 2 ) *F - u l  *U2 *U i * G 3 * G 4 *
05*t i fc  *0 7* ( G1 ♦ G2 ) -  G2 *G2 * 0 4  * G o * 0 6 *  G 7- G2* G2*G 3*F 
A3 -  0 A *G5 *G6 *0 7 * t! *• E * F +GP*C 3 *  ( O 1 * 0 2  ) * 0 - 0  2 *G2 * G J  * D- 
Ul  * U 2 * U J * C  J * G 4 *  0 6  * 0 6  *0 7— G 2 * G. ’ * F 
A i=GA *G6 *G6 *G7 * B* F  +E*0  *b  2 * 0  3* (G 1 ♦ 02  ) * A - G 2  * 0 2  * 0 -  
G 2 * O 2 *G 3 * A
A4 =T f H*D + t * A + G i l * G d * (  0 1 H  ?  ) - G 2 * G 2 * A - ( . 2 * G 2 * G J  
A 5 - 0 * B * A  + E - G 2 * G 2  
At  = A* B 
A 7= 1 .
WI TH
A - OA + 2 , * G  5 * 0  6* 2 .  * G7 —U3 *G 7 
f i -G 1 * 2 .  * G 2 * 2 .  *G3 
C = G6 *2 . *G  7 — U J  * 0 /
I > = G6 *G 7* (  04 *2 . * l  G )*C *i. <* *G 6 
L = G 2 *G 3 *  ( G 1 ♦ O 2 > * < G2 * 2 .  ♦ b J >
F -G6 *G 7 *(  G4 *2 .  *(,5 ) ♦ G4 * r 5  * C-U 2 *U 3 *G 6 *G fc *G 7
51)
X
K f v j . O . f  !. I OH TH HI UJ i  4  L l l * - ( ’ A ' i r i l\F  I  W O^ K
V 2 / V  1 = H O * A O / ( A H * S *  *H + A ? * ' J * * 7 t A t » : , * * 6 t A ,i * S M c * A A * ) * M  
♦ A J * S A * 3 + A 2 A S * A 2 4 A 1  ♦ ' . ♦ A C )
*Hh rl r u e  c o e f f i c i e n t s  a h -
H 0 =U1 * U 2  * UJ *U4
AO:  c  I * G 2 *  G 3 * G 4 * G b * G 6  AG r * i , r .
A 1 = G 1 * 0 2 * G 3 * G A * H A G 5 * C 6 * C / , *GHAF
- 0 2  * 0 3 * U A *  G 1A G2 AG 4 ♦ G b * f . 6 * G 7 * C *
- C 3 A U 4 A G 1 * G 2 * G 3 A G 4  AGO *G 7 A G b - M  
A 2 = G 1 * G 2  *G 3 * G A * L ♦  G 5 A G 6 *  G / * G 8 * D  + H AF
- L 2 * U 3 * U A * G A * j 5 « t * l . 7 » G « * (  Gl  * 2 . A G 2  ) - u  J * U A * G 6 * b 7 * t ,  E AF  
A l = G b A G t > A  C f  * G 8  AB + G 1 A C . 2 A G J A G 4 A C  AD A H + P  * F
— U2 *U 3 *U A* G4 ♦ GS *G t> *G 7 ♦i jH - U  J  AU A A Gb  AG7 A Ob *  O 
A 4 = C> 1 AG 2  ♦ G 3 * G A  + G‘i *  G6 * Q f  * G «  +B A H-f C *F -fD AE 
- U J * U 4 * G 6 * G 7 * u M A B  
A S = HA ♦ ♦ B * t f r * r > - i ) i » U A  *G7.. * ' > 7 *  GH 
A '.:  C + E + B A C  
A 7 = H+C 
AB = 1 .
Wl TH
A = C-7 * 2  »A GM-U4*Gt i
B = G l i / . * G 2  + G H ? .  ♦OA
C = G » A ^ . A G < S A  7 + 2 , * G t t - u A * G d
D= G  1 ♦ G 2 f t .  ) » . ' * ♦  I Gt  ♦ ? .  * G ?  )♦ ( G  J  + 2 .  * G  A)
e  = G5 *  C6  4 G 7 » G ' U  ( G f * 2 .  * 0  ♦ ) ♦ A
F =G » * G 2 * (  C l  ♦ ?  .  AG** ) * G 3 H A * ( 0 l 4 2 . * u ? )
H : i . *G 6 * A+ t,7 * C,H ♦ ( Gb *2 .  ♦ C.G )
P - I; I AU.’ *U )*i i4 *0 2 AG J AG4 AGb A06 A G7 * Gt3
4 0
C. H i g h - p a s s  F i l t e r  T r a n s f e r  F u n c t i o n s .
I n  t h i s  s e c t i o n  we c o n s i d e r  t h e  a n a l y s i s  o f  h i g h - p a s s  
f i l t e r s  u s i n g  a m o d i f i c a t i o n  o f  t h e  c a s c a d e d  c o n n e c t i o n  of t h e  
h i g h - p a s s  S a l l e n  a n d  Key r e s o n a t o r s .  T he  l o w - p a s s  t o  h i g h - p a s s  
t r a n s f o r m a t i o n  i s  d i s c u s s e d  i n  P a r t  B o f  C h a p t e r  1 .  T h i s  
t r a n s f o r m a t i o n  c o n v e r t s  t h e  n e t w o r k  o f  F i g .  4 . 1  t o  t h e  n e t w o r k  o f  
F i g .  4 . 8 .  O b v i o u s l y  t h e  n e t w o r k s  a r e  s i m i l a r  w i t h  t h e  e x c e p t i o n  
t h a t  t h e  c a p a c i t a n c e s  a n d  t h e  c o n d u c t a n c e s  h a v e  c h a n g e d  p l a c e s .
T he  v a l u e s  o f  t h e  c a p a c i t o r s  i n  t h e  n e t w o r k  a r e  p r e s e l e c t e d  an d  
a r e  a l l  i d e n t i c a l .  I n  t h i s  c a s e ,  a s  i n  t h e  c a s e  o f  l o w - p a s s  f i l t e r s ,  




F i g .  4 . 8  A h i g h - p a s s  f i l t e r  o f  o r d e r  2n
T he  g e n e r a l  f o r m  o f  t h e  t r a n s f e r  f u n c t i o n  f o r  t h e  n e t w o r k  
i n  F i g .  4 . 8  i s
H s  
o
n  n - 1
s  + A , s  + . . . + A, s  +  A 
n - 1  1 o
( 4 . 2 )
w h e r e  i s  t h e  p r o d u c t  o f  t h e  g a i n s  o f  t h e  a m p l i f i e r s ,  an d  
A ^ ,  i  = 0 ,  1 ,  2 ,  . . . ,  n - 1 ,  i s  a f u n c t i o n  o f  g a i n s  a n d  c o n d u c t a n c e s .  
H i g h - p a s s  n e t w o r k s  few n = 3 t h r o u g h  n •  8 a r e  s h o w n  i n  F i g s .  4 . 9  
t h r o u g h  4 . 1 4 ,  r e s p e c t i v e l y .  The t r a n s f e r  f u n c t i o n  f o r  e a c h  
n e t w o r k  i s  t a b u l a t e d  w i t h  t h e  r e s p e c t  iv c  f i g u r e .
F 1 0 ( 4 ^ 9 3 R D© G R O E R  H I G H P A S S  N E T WO R K
V 2 / V  1 * HO * £ * ♦ 3 /  ( A 3 * S * * 3 4 A 2 * S * * 2 4 A l * S +  AO )
WHERE THE C O E F F I C I E N T S  ARE 
FO=U 1
A O * G 1 *  G 2 * C3
A 1 * 2 ©  *C-2*C-3 4 G l * I  G 2 + 2 © * G 3 - U 1 * G 2  ) 
A2 = 2© * ( G2 4 2 0 * G 3 - U 1 * G 2  > - G 3 + G  1 
A 3 =  1 ©
V,
F I G . 4 10 4 T H»  ORDE R H I G H P A S S  NETWORK
V 2 / V 1 = H C * S * * 4 / ( A 4 * S * * 4  4 A 3 * S * * 3 4 A 2 * S * * 2 4 A I * S 4 A 0 >
WHERE THE C O E F F I C I E N T S  ARE
H 0 * U 1 * U 2  
A 0 = G 1 WC 2 * C 3 * G A
A 1 = G 3 * C 4 * I G 1 4 2 . 4 G 2 ) 4 C 1 * G 2 * C G 3 4 2 . * G 4 - U 2 * G 3  > 
A 2 = C 1 * C 2  4 G 3 * G 4 4 ( G 1 4 2 . * G 2  I * ( G 3 4 2 . * G 4 - C 2 * G 3> 
A 3 = G 3  4 2 . * C A - U 2 A G 3  4 G 1 4  2 * * G 2 - U 1 * L ? * G I  
A4 = 1 .
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v,
F I G • 4  9 1 I 5 T H «  ORDER H I G H P A S S  NETWORK
V 2 / V  l = H f  * S * * S / A 5 * S * 4 S 4 A 4 * S * 4 4 * A 3 * S * 4  3 + A 2 * S * * 2  4 A l * S + - A 0 >
WHERE THE C OEF F I C  I f cNTS ARE 
H J = U 1 * U 2
A J = G 1 * G 2 * G 3 * G 4 * G 5
A 1 = 2 * * G 2 * G 3 * G 4 * 0 5 * G 1 * A
A 2 = 2 « * A * G t * 8 - G 3 * G 4 * G 5
A 3 = 2 « * 6 + G l * C - G 4 * G 5 - G 3 * ( 2 « * G S * G 4 - U 2 * G 4 )
A 4 * 2 * 4 C 4 G l - ( 2 * * G 5 * G 4 - C 2 * G 4 * G 3  )
A 5 *  I •
w i t h
A * C 4  * G 5  * ( G2 + 2 *  * G 3 ) ♦ G 2 * G 3 * ( 2 « * G 5 4 G 4 - G 2 * G 4 ) 
0 = G 4 * G 5 4 ( C 2 * 2 0 * G 3 ) ♦ ( 2 • * G 5 * G 4 - U 2 * G 4 ) + G 2 * G 3  
C = 2 * 4 G « + G 4 - U 2 * G 4 + G 2 4  2 « * G 3 - C 1 * U 2 * G 2  
C * 2 «  4 G S  + G 4 - U 2 4 G 4
4 4
V' H H H
F I G « 4  • 1 2 6  f H#  OR D E R  H I G H P A S S  NETWORK
V 2 / V 1 - H 4
0 )
WHERE THE C f E F F  I C I E N T S  ARE
HO ~ U 1 * C l 2 * U 3  
A 0 = G 1 * G 2 * C 3 * G 4 * G 5 * G 6
A l = ( G l * 2 . * C ? ) * G 3 * G 4 * G £ 4 G e * G l * G 2 * D  
A 2 = G 3 * G 4  * C 5 * G 6 *  ( G l * 2 a * G 2 ) * D * G 1 4 G 2 * C  
A3  = D 4 ( G 1 * 2 » * G 2 > * C * G 1 4 G 2 * F 1  
A 4 = G 1 * G 2 * C 4  < 2 . * G 2 + G 1 ) * H  
A5 = e * G l * 2 « * C 2 - U l * U 2 * U 2 *Cl
A 6 =  l a  
W I T H
A = 2 a * G E * G 5 - U 3 * G 5
B= A * 2 m * G 4 ♦ G 2 - U 2 * U 3 * G J
C = G 5 * G 6 > (  0 3 * 2 *  * G 4 ) * A * G 2 « G 4
D = G 5 * G 6 * <  C 3 *2  • * G 4  ) + G 2 * G 4 * A
V,
F I G « 4 o i 3  7 T H .  Or? DER H I G H P A S S  NETWORK
V 2 / V  I =1
VKHFRE THE C O E F F I C I E N T S  ARE 
H 0 = U 1 * C 2 * U 3
A O = G l * G 2 * G 3 * G 4 * G S  * G 6 * G 7  
A 1 = 2 « * G 2 * G 3 * C 4 * G 5 * G 6 * G 7 4 G 1 * K  
A2 = 2 « * K 4 C 1 * J - G 3 * G 4 * G 5 * G C * G 7  
A 2 = 2 i  •  J-»G 1 * I - G 4 * G 5 * G 6 * G 7 - G 3 * E  
A 4 = 2 #  * I 4G 1 * H - G 3 * D - E  
A5 = 2 «  *H + G I *  F —D —G 3 * C  
A 6 = 2 « * F + G 1 - C - G 3  
A 7 = 1 .
W I TH
A * 2 * ♦ G 7 4 G 6 —U 3 * G 6
B = G 4 4 2 * * G 5
C = U2  *U 3 * G 4  + A* B
D = G 4 * G f + G C 4 G 7 - » A * B
E = C 6 * G 7 * B 4 G 4 * G 5 4 A
L = G2 4 2 . A G 3
F = C + L - U I * U 2 * U 3 * G 2
H = C 4 L * C 4 G 2 * C - 3
I = E 4 D * L 4 G 2 * G 3 * C
J = G 4  * G 5 * G 6 * G 7  4 L * E  + G2 * G 3 *  C
K = G 2 * G 3 * E  ♦ G 4 *  G £ * G 6 * G  7  *L
4 6
1
F I G . 4 ,  U  8T H # CRUKR H I G H P A S S  NF Th ORK
V 2 /  V 1 = HO + S 1 *>♦
w h e r e  t h e  c c e f f i c i e n t s  a r e
HO=U | A U 2 * L 3 * U 4
A C * G 1 * C 2 * G 3 * G 4 * G 5 * G 6 * G 7 * G 8
A I x G l * G 2 * ( G E * G 6 * G 7  4 G f c * ( G 3 4 - 2 * * C 4 ) 4 G 3 * G 4 * E > 4  
< G I  4 2 * * G 2 > * G 3 * G 4 * G 5 * G 6 * G 7 * G e  
A 2 = G 3 * G 4 * C «  * G 6 * G 7 * G 8 +  <G 1 * 2 « * G 2 > * ( G 5 * G 6 * G 7 * G e *
G l * G 2 * ( G 3 + 2 # * G 4  >* E 4 G 3 * G 4 * D  
( G3  * 2 m * G 4 ) ♦ G 3 4 G 4 * E ) A G  1 * G 2 * G 7 * G 8 * G 5 * G 6 4  
A 3 * G 5  * G 6 * G 7 4 G 8 * ( G 3  4 2 « * G 4 ) 4 G 3 * G 4 * E * < G l 4 - 2 j * G 2 > * G 5 * G 6  + 
G7  4 G 8 + ( C l * 2 . * G 2  ) * ( G 2 ♦ 2 * * G 4 ) ♦ £ ♦ ( G l - 4 2 . * G 2  > * G 3 * G 4 * D 4  
G l  * G 2 * E 4 G  1 * G 2 * G 3 * G 4 * B 4 G  1 * G 2 *  ( G3  + 2 *  * G 4  > * 0  
A 4 = G 5 * G 6 * G 7 * G 8 + ( G 3  4 2 « * G 4  ) * E  + G 3 * G 4 * D 4 < G 1 + 2 * * G 2 > *
( E 4 G 3 * C 4 * B 4 < G3 4 2 « * G 4  ) * 0  ) 4 G l * G 2 * ( 0 4 - ( G 3 4  2 * * G 4  ) * H ) 
4 G I * G 2 * G 3 * G 4
A 5 = E A G 3 * G 4 * E H < G 3 + 2 j * G 4 ) 4 D * ( G l H 2 » * G 2 ) * { D + f l + G 3 * G 4 ) H  
G l * G 2 * C
A6  = D 4 ( G 3 4  2 « * G 4 ) * B 4 G 3 * G 4 4 ( G 1 4 2 c * G 2 ) * C 4 G 1 * G 2  
A 7 = C + G 1 A 2 « * C 2 - U 1 * U 3 * C 2  4 L 4 * G I  
A 8 =  U
WI TH
A = G 7  4 2 #  *G 8 —U4 * G7 
EJ aG5  4 2  « 4 G 6 +  A—U 3 * 0 4  * G 5  
C = E 4 G 3 4 2 » * C 4 - G 2  4 U 3 * U 4 « G 3  
D - G 5 * G 6 4 A * ( G 5  4 2 , * G 6 ) 4 G 7 * G 8  
E = G 5 * G 6 * A 4 G 7 * G h * ( G 5 4 2 « * G 6 )
CHAl’TIiR V
SYNTHESIS
A . S y n t h e s i s  A p p r o a c h .
B e f o r e  we be y , in  t o  s y n t h e s i z e  t h e  f i l t e r s  o f  C h a p t e r  IV,  we 
n o t i c e  f r o m  F i g s .  4 . 1  a n d  4 . B  a n d  t h e  r e l a t e d  t r a n s f e r  f u n c t i o n s  
t h a t  t h e  n u m b e r  o t  c o n d u c t a n c e s  i n  t h e  f i l t e r s  i s  a l w a y s  e q u a l  
t o  n ,  t h e  o r d e r  o t  t h e  t r a n s f e r  f u n c t i o n .  T he  f o l l o w i n g  m e t h o d  
i s  a p p l i e d  i n  s y n t h e s i z i n g  l o w - p a s s  t r a n s f e r  f u n c t i o n s  o f  t h e  
f o r m
o r  h i g h - p a s s  t r a n s f e r  f u n c t i o n s  o f  t h e  fo r m
V, n2 ( 5 . 2 )
n - 1 + . . .  +  B . s  +  B 1V1 n - 1s o
L e t
B -  [ B o , B j , . . . , Bn _ 1 , Bn ] ( 5 . 3 )
w h e r e  B = K. o f  ( 5 . 1 )  i n  t h e  c a s e  o f  l o w - p a s s  f i l t e r s ,  
n  1




A l s o  l e t
G  -  I .  •  .  •  , G ( i  ! < )
w h e r e  G . ,  i L , 2 , . . . , n ,  a r e  t h e  c o n d u c t a n c e s  i n  t h e  r c s p i - i  t i ve
n e t w o r k s .  F i n a l l y ,  l e t
A = LAo , A1 , . . . , A n l , An ] T ( b . ' > )
w h e r e  A ; H A  i n  ( 4 . 1 )  o r  A = H i n  ( 4 . : ' ) .  S i n c e  
11 o o n o
t h e  e l e m e n t s  o f  A a r e  f u n c t i o n s  o f  G a n d  t h e  g a i n s  o f  t h e  a mp l i  
f i e r s  i n  t h e  c i r c u i t ,  we c a n  w r i t e
A = A ( G, U)  ( 5 . f . )
w h e r e  U i s  a  v e c t o r  w h o s e  e l e m e n t s  a r e  t h e  g a i n s  o f  t h e  a m p l i ­
f i e r s  i n  t h e  c i r c u i t .  The p r o b l e m  i s  t o  f i n d  t h e  v e c t o r s  G a n d
U t o  s a t i s f y  t h e  s y s t e m  o t  e q u a t i o n s
A - B = A( G , U)  -  B = 0  ( 5 . 7 )
The a b o v e  s y s t e m  c a n  be  s o l v e d  by a  v a r i e t y  o f  m e t h o d s .
( a )  U s i n g  a n y  c o m p u t e r  s e a r c h  p r o g r a m  w i t h  c o n s t r a i n t s  on t h e
e l e m e n t s  o f  G a n d  0 t o  c o n f i n e  t h em  b e t w e e n  some b o u n d a r i e s  
d e p e n d i n g  on t h e  s p e c i f i c a t i o n s .  F o r  e x a m p l e ,
a . ^  G , ^  b . ,  i  - . 2 , . * .  n
l i t
w h e r e  a ^  a n d  b^ a r e  some p o s i t i v e  n u m b e r s ,  a n d
(5.8)
'.y
i  s; u , j = 1 , 2 , .  . . .  I n / 2 ]
w h e r e  [ n / 2 ]  i s  t h e  n u m b er  o f  a m p l i f i e r s  i n  t h e  c i r c u i t  , 
fh e  n u m b e r  i 11/ 2 ]  i s  t h e  l a r g e s t  i n t e g e r  l e s s  t h a n  o r  
e q u a l  t o  n / 2 .
( b )  A s s i g n i n g  r e a s o n a b l e  p r a c t i c a l  v a l u e s  t o  t h e  e l e m e n t s  ol  
U a n d  r e d u c i n g  t h e  p r o b l e m  t o  a  s y s t e m  of n n o n l i n e a r  
a l g e b r a i c  e q u a t i o n s  i n  n u n k n o w n s  a n d  t h e n  s o l v i n g  f o r  G.
( c )  A c o m b i n a t i o n  o f  t h e  a b o v e  two a p p r o a c h e s .
The m e t h o d  we used is (1 ) .  F o r  i h e  s i m p l e r  c a s e s  ( l o w e r  
v a l u e s  o f  n )  we a s s i g n e d  v a l u e s  t o  a l l  t h e  g a i n s  U. e x c e p t  o n e .
T h i s  d e t e r m i n e d  t h e  u n a s s i g n e d  g a i n  s i n c e  t h e  p r o d u c t  o f  t h e  U. 
i s  t h e  g i v e n  g a i n  o f  t h e  f i l t e r .  Then we a p p l i e d  t h e  Newtoii-Rnphsoa 
me t h o d  [ 9 ] t o  t h e  r e m a i n i n g  n  e q u a t i o n s  i n  t h e  n  c o n d u c t a n c e s .  
We r e p e a t e d  t h i s  p r o c e d u r e  f o r  a  n u m b e r  o f  c a s e s  ( a s s i g n i n g  
d i f f e r e n t  v a l u e s  t o  U^) a n d  s e l e c t e d  t h e  o n e  w h i c h  g a v e  t h e  b e s t  
r a n g e  o f  c o n d u c t a n c e  v a l u e s .
F o r  t h e  m o re  c o m p l e x  c a s e s  ( h i g h e r  v a l u e s  o f  n ) ,  we u s e d  
t h e  P o w e l l  [ 1 0 ]  s e a r c h  t e c h n i q u e ,  r e s t r i c t i n g  t h e  c o n d u c t a n c e s  
t o  p o s i t i v e  v a l u e s  a n d  t h e  g a i n s  t o  n u m b e r s  g r e a t e r  t h a n  
o r  e q u a l  t o  o n e .  The a n s w e r s  o b t a i n e d  w e r e  n o t  s u f f i c i e n t l y  
a c c u r a t e ,  s o  we u s e d  r o u n d e d - o f f  v a l u e s  o f  t h e  U. o b t a i n e d
i
a n d  a p p l i e d  t h e  N e w t o n - R a p h s o n  m e t h o d  t o  1 i n d  t h e  c o n d u c t a n c e s ,  
t a k i n g  a s  i n i t i a l  v a l u e s  t h o s e  o b t a i n e d  w i t h  t h e  s e a r c h  p r o g r a m .
50
Thu f o l l o w i n g  e x a m p l e s  ( a n d  many o t h e r s  w h i c h  a r e  n o t  in  
e l u d e d  in  t h i s  p a p e r )  w e r e  s o l v e d  a s  d i s c u s s e d  i n  I he  p r e v i o u s  
p a r a g r a p h .  The i u s u l t s  w e r e  e x c e l l e n t  a s  may b e  s e e n  f rom  (l ie 
e r r o r  c o l u m n ,  B̂  - i n  t h e  t a b l e s  o f  t h e  f o l l o w i n g  e x a m p l e s .
B. Examp 1e 1 .
An 8 t h  o r d e r  lo w -p a ss  B u t t e r w o r t h  i s  s y n t h e s i z e d  u s i n g  t h e  
n e t w o r k  o f  F i g .  4 . 7  a n d  t h e  t r a n s f e r  f u n c t i o n  r e l a t e d  t o  i t .
The r e s u l t s  a r e  i n c o r p o r a t e d  i n  T a b l e  2 .
G. B. A. B . - A .l i l i l
C o n d u c t a n c e s G i v e n  C o e f f . M a t c h i n g  C o e f f . E r r o r
G 1 1 . 7 5 2 9 6 6 2 Bo = 1 . 0 Aq = . 9 9 9 9 9 9 9 9 .01 x 1 0 ' 6
G2 =
. 1 1 1 1 3 6 2
B1 = 5 . 1 2 5 8 0 0 1 3 A l  = 5 . 1 2 6 0 8 2 8 6 - . 0 2  x 1 0 ' A
G3 ^
. 8 2 5 3 3 2 1
B2
= 1 3 . 1 3 7 1 0 0 2 2 A2 = 1 3 . 1 3 7 1 0 0 1 7 . 5 x 1 0 " 6
G4 =
. 6 7 0 1 5 6 7
B3
= 2 1 . 8 4 6 2 0 6 6 7 A3 = 2 1 . 8 4 6 2 0 6 6 0 . 7 x 1 0 ' 7
G5 = . 7 8 3 4 4 8 9 B4
= 2 5 . 6 8 8 4 0 0 2  7 A . = 2 5 . 6 8 8 4 0 0 2 2
4
. 5 x 1 0 ' 7
itS3
O
1 . 1 8 7 9 0 8
B5
= 2 1 . 8 4 6 2 0 6 6 7 A5 = 2 1 . 8 4 6 2 0 6 6 5 . 2 x 1 0 ~ 6
G7 “ 1 . 5 8 9 5 7 9 B6 = 1 3 . 1 3 7 1 0 0 2 2 A,  = 1 3 . 1 3 7 0 9 5 3 1  b . 4 9 1  x 10"5
G8
6 . 2 7 3 2 1 3 6 B7 = 5 . 1 2 5 8 0 0 1 3 A? = 5 . 1 2 5 8 0 0 1 3 0 . 0
G i v e n
C a i n
o v e r a l l  g a i n :  
o f  a m p l i f i e r s :
K = H = 1 0  o
Ux = 3 . 8 ;  U7 = 1; U3 = 1 ;  U4 -  i>. 63
A
T a b l e  2 .  R e s u l t s  f o r  E x a m p l e  1 .  
8 t h  o r d e r  l o w - p a s s  B u t t e r w o r t h
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C . E x a m p l e  2 .
A 5 t h  o r d e r  h i g h - p a s s  C h e b y s h e v  ( 1  dB r i p p l e )  i s  s y n t h e s i z e d  
u s i n g  a  g a i n  H = 1 0 .  Th e r e s u l t s  a r e  i n c o r p o r a t e d  i n  T a b l e  3 .
G
i
C o n d u c t a n c e s
B.
i
G i v e n  C o e f f .
Ai
M a t c h i n g  C o e f f .
B. -  A.  
i i
E r r o r
= 8 . 3 9 0 5 0 7 5 0
C2 -  0 . 9 8 5 7 5 5 2 7
G3 4 . 7 9 8 4 0 6 1 7
G. -  0 . 2  3 1 767 88  
4
G5 = 0 . 8 8  <11486
BQ = 8 . 1 4 1 5 5 2 5 9  
Bx = 7 . 6 2 7 1 7 0 0 3  
B2 = 1 3 . 7 4 9 5 8 4 8 5  
B3 = 7 . 9 3 3 0 9 7 1 7
B = 4 . 7 2 6 4 4 9 8 84
8 . 1 4 1 5 5 2 3 7
7 . 6 2 7 0 1 5 3 1
1 3 . 7 4 9 5 8 4 5 9
7 . 9 3 3 0 9 7 1 2
4 . 7 2 6 4 4 9 8 8
. 2 2  x K ) ' 6 
, 5472  x l ( f A 
. 2 6  x 10 
. 5 x  1 0 _/  
o . O
O v e r a l l  g i v e n  g a i n :  K = Hq = 10 .  
G a i n  o f  a m p l i f i e r :  = 1 ;  U2 = 10
T a b l e  3 .  R e s u l t s  f o r  E x a m p le  2 .  
5 t h  o r d e r  h i g h - p a s s  C h e b y s h e v
CHAPTER VI
CONCLUSIONS
T h e  f i r s t  m e t h o d  o f  s y n t h e s i s  d e s c r i b e d  i n  C h a p t e r s  I I  an d  
111 c a n  b e  u s e d  t o  o b t a i n  m u l t i p l e  f e e d b a c k  r e a l i z a t i o n s ,  u s i n g  
i d e n t i c a l  r e s o n a t o r s ,  f o r  b a n d p a s s  a n d  b a n d - r e j e c t  f i l t e r s .  The 
r e a l i z a t i o n s  may b e  o b t a i n e d  f o r  g i v e n  v a l u e s  o f  c e n t e r  f r e q u e n c y ,  
g a i n ,  a n d  Q. T h i s  m e t h o d  o v e r c o m e s  t h e  s e n s i t i v i t y  d i f f i c u l t i e s ,  
d i s c u s s e d  i n  C h a p t e r  I ,  a s s o c i a t e d  w i t h  c a s c a d e d  s t r u c t u r e s ,  a n d  
h a s  t h e  f u r t h e r  a d v a n t a g e s  o f  i d e n t i c a l  r e s o n a t o r s  a n d  f e e d b a c k  
r e s i s t o r s  w h i c h  d e t e r m i n e ,  i n d e p e n d e n t  o f  t h e  r e s o n a t o r s ,  t h e  
t y p e  o f  f i l t e r  d e s i r e d  ( C h e b y s h e v ,  B u t t e r w o r t h ,  e t c . ) .
I t  i s  r a t h e r  e a s y  t o  e x t e n d  t h e  f i r s t  m e t h o d  t o  l o w - p a s s  an d  
h i g h -  p a s s  f i l t e r s ,  b u t  a n a l y s i s  o f  t h e  g e n e r a l  c a s e  i n d i c a t e s  
t h a t  t h e  r e s o n a t o r s  c a n n o t  b e  made i d e n t i c a l .  F o r  t h e s e  
two c a s e s  we d e v e l o p  t h e  s e c o n d  m e t h o d ,  d e s c r i b e d  
i n  C h a p t e r s  IV a n d  V. T h i s  s e c o n d  m e t h o d  h a s  t h e  a d v a n t a g e s  
o f  t h e  m u l t i p l e  f e e d b a c k  c i r c u i t s ,  a n d  c a n  b e  u s e d  t o  o b t a i n  
r e a l i z a t i o n s  u s i n g  t h e  b a r e  m in im um  n u m b e r  o f  e l e m e n t s  o f  t h e  
S a l l e n  a n d  Key c a s c a d e d  s t r u c t u r e .  T h i s  m e t h o d  c o u l d  a l s o  b e  
a p p l i e d  t o  b a n d p a s s  f i l t e r s ,  b u t  t h e  s t r u c t u r e s  w o u l d  h a v e  t h e  
i n h e r e n t l y  low Q ' s  a s s o c i a t e d  w i t h  S a l l e n  a n d  Key n e t w o r k s  [ 2 ] .  
H o w e v e r ,  i f  low Q i s  s p e c i f i e d ,  s u c h  c i r c u i t s  w o u l d  b e  v e r y  
e c o n o m i c a l  s o l u t i o n s  t o  t h e  f i l t e r  p r o b l e m .
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R e c o m m e n d a t i o n s  f o r  f u r t h e r  r e s e a r c h  t o  b e  puar sued  a r e  a s  
11 ow s :
1.  A l t h o u g h  t h e  m e t h o d  o f  C h a p t e r  I I I  s e e m s  t o  be  a  v e r y  
e f f i c i e n t  way o f  s y n t h e s i z i n g  t h e  b a n d - r e j e c t  f i l t e r s ,  
t h e  r e s o n a t o r  u s e d  a s  t h e  b a s i c  b l o c k  f o r  t h i s  p u r p o s e  
may n o t  be t h e  b e s t  o n e .  F u r t h e r  r e s e a r c h  may d e v e l o p  
a  b e t t e r  b a n d - r e j e c t  r e s o n a t o r .
2 .  I n  t h i s  d i s s e r t a t i o n  we h a v e  n o t  c o n c e r n e d  o u r s e l v e s  
w i t h  s e n s i t i v i t y  e x c e p t  i n  a  v e r y  s p e c i a l i z e d  s e n s e .
I t  w o u l d  be  i n t e r e s t i n g  t o  c o n d u c t  a  t h o r o u g h  s e n s i t i v  
s t u d y  o f  t h e  mu 1 1 i p l e - f e e d b a c k  f i l t e r  a s  c o m p a r e d  w i t h  
t h e  c a s c a d e  s t r u c t u r e .
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